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Intr oduction: For electronsin condensedmatter, it is often desirableto expressthe single-

particle wave functions,
���������

, with energies 	 � in a certain range in terms of a mini-

mal set of state- and energy-independent orbitals, 
��� �����
. Here, � spansthe sites, and�

the local symmetry (e.g.
���������

. A few examples: (a) In a crystal, the electrons

belonging to an energy band which does not overlap any other band are most simply de-

scribedin termsof the Wannierfunctions, 
 ���������
, with � spanningthe lattice translations.

(b) Model Hamiltoniansareusuallyexpressedin representationswhich for the electronsareas-

sumedto beminimalandorthonormal.
��� �

In adensity-functional calculation,theuseof aminimal

basissetfor solvingtheSchr̈odingerequationself-consistentlywouldeasetheinterpretationof the

resultsandspeedup thecalculation.For realisticsystems,however, it is hardto obtaina minimal

basisof usefulaccuracy.

Wehave deriveda generalmethodfor obtainingsuchminimal basissetsfor caseswherethewave

functionsaresolutionsof aSchr̈odingerequationwhich is locally separable,

!"� � �������$# �&%('*)+���,�.-�� � �����0/ 	 � � � �����21
(1)

specifically, wherethepotentialhasthemuffin tin form:
)3���,�4/ �65 � �87 �9���+7 �

. This work is

partof anongoingeffort to developanelectronic-structure methodwhich is generallyapplicable,

intelligible, andcomputationallyfastandaccurate.

A MT potentialdividesspaceinto MT sphereswith radii :8; , wherethe potentialis spherically

symmetric,andarest,theinterstitial,wherethepotentialis flat (zero).Insideeachsphereandin the

interstitialonemaysolveSchr̈odinger’s differentialequation(numerically)for anenergy, 	 , chosen

in therangeof interest.In casetheresultingpartialsolutions,< � 	 1=�,� , canbematchedcontinuously

anddifferentiablyat the spheres,they form a wave function,
� � ���,�

, with 	 � / 	 . Suchmatching

schemes(e.g. thoseof WignerandSeitzandof Korringa,Kohn,andRostoker (KKR)) arenotvery

practical,however. Instead,we want to usethe < � 	 1=��� ’s to constructa setof energy-independent

orbitals, 
?>A@9B ����� , which spanany wave function with energy 	 � in the neighborhoodof N + 1

chosenenergies, C�D 1FEGEGEG1 C @ 1
to within anerrorproportionalto

� 	 � � C�D �4EGEGEF� 	 � � C @ �
. Specifically,

if theenergy meshis condensedontooneenergy, C�D , theerrorof awavefunctionwith energy 	 � will

beproportionalto
� 	 � � C�D ��HJILK

. Theseorbitalswe call Nth-ordermuffin tin orbitals,or NMTOs.

Note that N doesnot influencethe sizeof the NMTO basisset, but the rangeof the individual

orbitals.Let usnow work thisout in moredetail.

Kink edpartial waves: Insidethesphereat
�

, thepartialsolutionsare M ��N � 	 1�7 �O�P�+7 �4Q  R�����
� M �SN � 	 1UT � �2Q  �WVT � �

, wherethe energy-dependentfunction is the regular solutionof the radial

Schr̈odingerequation. In the interstitial region, we use thosesolutionsof the wave equation,��%(' 	 �YX �� � 	 1=���Z/\[]1
whichsatisfythefollowing homogeneousboundarycondition:Thepro-

jectionof
X �� � 	 1=�,� onto ^ �_T ��` � : ��` �2Q a` ��VT �b` � is ^ ���b` ^ ��` . As anexample,

X �S � 	 /&[]1=���
is the

electrostaticpotentialfrom a c N multipolecenteredat
�

whenall otherspheresaregrounded.The
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d0e�fhgjiak=l�m
’s arecalledscreenedsphericalwaves. In fact,only thosewith n�o correspondingto the

so-calledactivechannelswill beused,andonly theprojectionsontootheractive channelsvanish.

For theprojectionof thescreenedsphericalwave ontoan inactive channel,theradial logarithmic

derivative equalsthat of the solution to the radial Schrödinger equation. We cannow form the

setof so-calledkinked partial waves:Thekinked partialwave, p e�fqgji�k=l,m
, is r e�s gjiakUtue?m4v,fhg�wtue�m

insideits own sphereandfor its own angularmomentum.It is
d0eSfxgji�k=l,m

in theinterstitial region

and,insidethesphereat y{z , it vanishesfor any other
g n?zjo|z�}~ n�o m

active channel,but it is propor-

tional to r eb�As�� gji�kUt e�� m4v fa� gWwt e�� m for an inactive channel.As a result, p e�fhg_i�k=l,m
is continuous(we

normalizetheradialsolutionsof theactive channelssuchthat r e�s gjiakF� e m2���
) andis a solutionof

Schr̈odinger’s equationwith energy
i
. But it haskinks at thespheresin theactive channelsandis

thereforenotawave function.

Figure1: Si �]�,���W�?� kinkedpartialwave (KPW) andlinearmuffin tin orbital (LMTO).

Thesolidcurve in theleft-handpartof Fig. 1 shows theSi �,�W�a���a� kinkedpartialwave for
i

in the

middleof thevalencebandandfor
l

alongthe[111]-line in thediamondstructurefrom thecentral

Si atom,throughthenearestSi neighbor, andhalf-way into theback-bondvoid. Theothercurves

will beexplainedlater. Thekinks at the
�
-spheresareclearlyseen.Sincethis kinkedpartialwave

is designedfor usein a minimal �=�,� -basis,only theSi � and � waveswerechosenasactive. The

inactive partialwaves– mostnotablySi � – mustthereforebeprovidedby thetails of thekinked

partial wavescenteredat the neighbors,andthis is the reasonfor the strongSi � -characterseen

insidethenearest-neighborsphere.Hadwebeenwilling to keepSi � -orbitalsin thebasis,theSi � -

channelswould have beenactive sothatonly partialwaveswith �]� 2 would have remainedinside

theneighborspheres,wherebythekinked partial wave would have beenmorelocalized. Hence,

thepricefor asmallerbasisis a longerspatialrangeandastrongerenergy dependence.

Kink matrix and matching equations: Thecentralquantityof thepresentformalismis theHer-

mitian kink matrix, whoseelement � e � f ��� e�f g_i�m
is definedto be the kink of p e�fhg_i�k=l,m

at the� e��
-sphere,projectedonto

v fa� g�wt e�� m4�]�8�e � . Hence,it specifieshow theHamiltonian(1) operateson

thesetof kinkedpartialwaves:

gj����iam p eSfqgji�k=l,m ~ � e � f �W� gjt e �2��� e ��m2v f �]g�wt e ��m � e � f �.� eSf gji�m2 
(2)
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Althoughanindividualkinkedpartialwave is notawave function,any smoothlinearcombination,¡�¢q£ ¡�¢q¤j¥�¦=§,¨2©ª¡S¢L« ¬ , is. Schr̈odinger’s equationmaythereforebeformulatedasthematching-or

kink-cancellationcondition:

¡S¢q ¡b®�¢�®.« ¡S¢ ¤.¥�¬U¨2©ª¡�¢b« ¬J¯\° ±A²]³µ´]¶G¶�·?¸.¹º¸.¦ (3)

which is a setof homogeneouslinear equations,equivalentwith the KKR equations.Here, the

indicesrun only over active channels.Sincethe kink-matrix is expensive to compute,it is not

efficient to find aone-electronenergy from »Y¼F½?¾  ¤j¥�¬ª¨ ¾ ¯&° , andthensolve thelinearequationsfor

the corresponding© ¡�¢b« ¬ ¦ but to constructan energy- andstate-independentbasissetof NMTOs,

andthensolve thegeneralizedeigenvalueproblem,

¡S¢ ¿?À�ÁÃÂ¡ ® ¢ ® ¾ Ä�¾ ¿µÀAÁÃÂ¡S¢ © ¡�¢b« ¬ ¯Å¥ ¬ ¡S¢ ¿?ÀAÁ9Â¡ ® ¢ ® ¾ ¿?ÀÆÁÃÂ¡�¢ © ¡�¢L« ¬ ±A²]³�´]¶G¶,· ¸ ¹ ¸ ¦ (4)

resultingfrom theRaleigh-Ritzvariationalprinciple.

MT Os with N = 0: Sinceall wave functionswith a certainenergy may be expressedas linear

combinationsof thekinked partialwaveswith thesameenergy, theMTOswith N = 0 aresimply

the kinked partial wavesat the chosenenergy: ¿ ÀÈÇ8Â¡S¢ ¤�§,¨4¯ £ ¡S¢q¤�É Ç ¦=§,¨ . In the basisof these,the

Hamiltonianandoverlapmatricesaregivenby respectively:

¿ ÀÆÇ8Â ¾ Ä�Ê É Ç ¾ ¿ ÀÈÇ8Â ¯ Ê  ¤=É Ç ¨ ´ Ë » ¿ ÀAÇ8Â ¾ ¿ ÀÆÇ8Â ¯ Ì ¤=É Ç ¨4¦ (5)

asmaybe found from Eq.(2)andthenormalization.Here, Í�Î&Ï�Ð]Ï ¥ . Theenergy solutionsof the

generalizedeigenvalue problem(4) have errorsproportionalto the square of the wave-function

errors,that is, Ñ ¤j¥Y¬ Ê É Ç ¨.Ò whenN = 0. This alsofollows trivially from the fact thatEqs.(4)–(5)

aremerelytheenergy-linearization of thematchingequations(3).

Green matrix and MT Os with N Ó 0: In order to constructMTOs with N Ó 0, it is use-

ful first to define a Green matrix as the inverseof the kink matrix: Ô ¤.¥a¨ Î  ¤j¥a¨ÖÕL× . As

seenfrom (3), its polesare the one-electronenergies. Next, by an equationof the usualtype:¤ Ä�Ê ¥�¨]Ø�¡�¢h¤j¥a¦=§�¨Ù¯ Ê&Ú ¤jÛu¡ Ê�Ü ¡Z¨4Ý�¢6¤�ÞÛu¡�¨ , we definea Greenfunction, Ø�¡�¢q¤j¥�¦=§,¨ , which has

oneof its spatialvariablesconfinedto the Ü -spheres,i. e. § ¸.ß ·�¹ . Considereda functionof §,¦ this

confinedGreenfunctionis a solutionwith energy ¥ of theSchr̈odingerequation,exceptat its own

sphereandfor its own angularmomentumwhereit hasakink of sizeunity. Thiskink becomesneg-

ligible comparedto thevalueof thefunctionwhen ¥ is closeto a one-electronenergy becausethe

Greenfunctionhasa polethere.Equation(2) shows that Øq¤_¥�¦=§,¨0¯ £ ¤.¥�¦=§,¨ Ô ¤_¥�¨ . Here,andin the

following, lower-caselettersdenotevectorsandupper-casematrices(¥ , É , ·�¹ , andN arenumbers,

though).TheconfinedGreenfunctionis thusfactorizedinto a Greenmatrix, Ô ¤.¥a¨ , which hasthe

full energy dependence,anda vectorof functions, £ ¤.¥a¦=§�¨ , which hasthefull spatialdependence

anda weakenergy dependence.Thekind of energy rangewe areconsideringis suchthat for two

energieswithin therange,£ ¡�¢h¤j¥a¦=§�¨ and £ ¡�¢h¤j¥ ¸ ¦=§�¨ areneverorthogonal.Finally, wewantto fac-

torize the § and ¥ -dependenciescompletelyand,hence,approximatetheconfinedGreenfunction

by ¿ ÀAÁ9Â ¤�§�¨ Ô ¤.¥�¨ . Subtractingfrom theGreenfunctiona functionwhich is analyticalin ¥ , obvi-

ouslyproducesanequallygoodGreenfunction, £ ¤.¥�¦=§,¨ Ô ¤_¥�¨ Êáà ÀÆÁÃÂ ¤j¥�¦=§,¨ Î ¿ ÀÆÁÃÂ ¤j¥a¦=§�¨ Ô ¤.¥�¨ , in

thesensethatbothyield thesameSchr̈odinger-equation solutions.If we canthereforedetermine
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thevectorof analyticalfunctionsin suchawaythateachâ?ã�ä9åæ�ç3è_é�ê=ë,ì takesthesamevalue,âµãÆäÃåæSç+è�ë,ì ,
atall N + 1 energies, í�î êFïGïGïGê í ä , then

âµãAäÃåæSç è.éaê=ë�ì�ð â?ã�ä9åæ�ç è�ë�ìLñóò�è=èjé�ô í�î ì4ïGïGïFè�é9ô í ä ì=ì4ê (6)

and, hence,â ãÆäÃå è�ë,ì is the set of NMTOs. Now, since â ãÆäÃå è í�î ê=ë,ìõðöïGïGïhð â ãAä9å è í ä ê=ë�ì , the

Nth divided differenceof â ãÆäÃå è_é�ê=ë,ì2÷øè.éaì equalsâ ã�äÃå è�ë,ì times the Nth divided differenceof÷øè_é�ì . Moreover, if we let ù ãAä9å èjé�ê=ë,ì beapolynomialin energy of (N-1)stdegree,its Nth divided

differenceon the í î êFïGïGïGê í ä -mesh, ú ä ù ã�ä9å è�ë�ì4û úýüÈþ ïGïGïGÿ�� , will vanish. We have thereforefound

thefollowing solutionfor theNMTO set:

â ãAä9å è�ë�ìøð ú ä�� è�ë,ì2÷
ú ü þ ïGïGïGÿ�� ú ä ÷

úýü þ ïGïGïGÿ��
��� ð ä

�
	 î � è í � ê=ë,ì�� ã�ä9å� ð (7)

� è í ä ê=ë�ìºñ ú � è�ë,ì
ú ü ÿ$ô�]êFÿ�� � ãAäÃå ô í ä ñ�ïGïGïWñ ú ä�� è�ë,ì

úýü þ ïGïGïGÿ�� � ã � å ô í � ïGï � ãÆäÃå ô í ä ï
Here, the secondexpressionmay be interpretedas Lagrange interpolation of the energy-

dependenceof thekinked partial-wave set,but with theweights, � ãÆäÃå� , beingenergy-independent

matricesratherthanNth-degreescalarpolynomialsin energy. Similarly, the lastexpressionmay

beinterpretedasNewton interpolation(Taylorexpansionfor a condensedmesh)with theenergies

substitutedby (non-commutingand non-Hermitian)energy-independent matrices, � ã��õå ï Using

thewell-known expression:

ú ä ÷
úýü þ ïGïGïGÿ�� ð ä

�
	 î
÷øè í � ì

ä� 	 î�� �	�� è í � ô í � ì �

ÿ��

� ä ÷�è.é�ì� é ä ��� ê
for adivideddifference,thesematricesareseento begivenby:

� ã�ä9å� ð ÷øè í � ì
ä� 	 î�� �	�� è í � ô í � ì ú ä ÷

úýü þ ïGïGïGÿ��
��� ê

� ã�ä9å ð í ä ñ ú ä ��� ÷úýü þ ïGïGÿ�ô��� ú ä ÷
úýü þ ïGïGïGÿ��

��� ð ä��	 î í � � ãÆäÃå� ê
in termsof the valuesof the Greenmatrix on the energy mesh.Note that ä��	 î � ãÆäÃå� ð  . From

the Newton expression(7), we realizethat the NMTO equalsa kinked partial wave at the same

siteandwith thesameangularmomentum,plusa smoothingcloudof energy-derivative functions

centeredat all sitesandwith all angularmomenta(NMTOs with N ! 0 aresmoothbecausethe

kinks è#" ô�é�ì � è_é�ê=ë,ì2÷øè.éaì areindependentof é ). In theright-handsideof Fig. 1, thesolid curve

is the MTO with N = 1, the linear MTO (LMTO), andthe dashedcurve is the MTO with N = 0,

shown by the solid curve in the left-handside. Obviously, longerspatialrangeis the price for

spanningwave functionsof a wider energy range.This increaseof rangeandsmoothnesswith N,

follows from therelation:

è$" ô"é ä ì â ãÆäÃå è�ë�ì ð â ãAä ��� å è�ë,ì � ã�äÃå ô é ä ê (8)
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which alsoshows that theenergy matricesaretransfermatricesbetweenNMTO setsof different

order.

Variational eigenvalue equations: Since from Eq.(6), the NMTO set has errors %&'�(
)+*$,.-0/21 '43
, solution of the variational eigenvalue equations(4) will yield energies with

errors % &'�(
) *$, - /21 ' 3#5
. To exploit this,we needthefollowing expressions:

687 &:9<; = /21 & ; 6>7 &?9 @ / A &�BADC EGFHFHFHI�J
K�L A 5 &MBANCHC EGFHFHI /�O JPI�J A &MBADC EGFHFHFHI�J

K�L

6>7 &?9Q; 6>7 &?9 @ / A & BADC EGFHFHFHI�J
K�L A 5 &:R L BANCHC EGFHFHFHI�JSJ A & BADC EGFHFHFHI�J

K�L F
for the Hamiltonianandoverlapmatrices. Here, AUT R�&:R L BUV ADCWC EGFHFHX�J
I�J is the (M + N + 1)th

derivative of thatpolynomialof degreeM + N + 1 which takesthevalues
B )ZY FHFHF Y B & at theN + 1

meshpointsand the values [B ) Y FHF Y [B T of the first-derivative at the first M + 1 points. Note that

this Hermiteinterpolationof
B *#, 3

is not supposedto approximate
B *\, 3

, which usuallyhaspoles

insidethe mesh;the physicalquantitiesare ratios of energy derivativesof suchpolynomial ‘ap-

proximations’.TheHamiltonianandoverlapmatricesmaybeexpressedin termsof thevaluesand

first energy derivatives at the meshof the smoothfunction ] *#, 3_^ B *#, 3 K�L , but asN increases,

theseexpressionsbecomeincreasinglycomplicated.

As a first example,we considerthesimplestpossible1 ` 1 Greenmatrix,
B *#, 3 @ a *$,:/b, a 3 K�L

,

which is thatof asingle,normalizedkinkedpartialwave: Thevariationalenergy relative to
1 & can

beworkedout to be:ced\f4gceh h )�iji & K�L$k & k ced\f4l_mSgc8h h )�ijiji & k k @ a *$, a /21 & 3 K�L & K�L'�(
) *\, a /�1 '43 K 5 a &'
(
) *$, a /21 '43 K 5 Y
andthe

deviation from anexactresult,
, - /n1 & Y is therefore

apo( - *#, a /21 & 3 &'�(
) *$, - /21 ' 3\5 V *#, a /�1 ' 3\5
,

to leadingorder. This is in accordwith theopeningstatementof thissubsection.Fig. 2 shows how

for thetwo-level system
B *$, 3 @ Lqsr Lq K�L , thisvariationalenergy switchesfrom 0 to 1 asthecenter,t , of themeshsweepsfrom –1 to r 2. Thevariouscurvesreferto N = 0, 1, 2, and4. For N u 0, we

usedmeshesof total width 0.4. We seethat theswitchingcurvessharpenup asN increases,and

thatgoodresultsareobtainedalreadywith N = 1, thechord-LMTO.

Figure2: Variationalenergy-estimates
for a two-level model (v�w = 0,1) using
single NMTOs with N = 0,1,2, and 4
as functionsof the position, x , of the
centerof theenergy mesh.

Density-functional calculations: In Fig. 3 we show for GaAsthe LDA valenceandconduction

bands,18 of which fall in the 35eV-rangedisplayed. The solid curvesare the exact bandsand

thedottedcurvesarethebandscalculatedvariationallyusinga basisof Ga y{z}|G~�� andAs y{z}|.~��Z���
quadraticmuffin-tin orbitals(QMTOs) with the threeenergies indicatedin the right-handpanel.

Thegoodaccuracy achieved with this basisof merely25 orbitals/celldemonstratesthepower of
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ourmethod.Notethatevenfor this largeenergy range,no radialquantumnumbersareneeded.In

mostcases(self-consistency iterations)onemerelyneedsto describethe occupiedstates,which

for GaAsarethefivesemi-coreGa3� bandsat -15eV, theAs 4� -like bandaround-11eV, andthe

threevalencebandsof dominantGa 4� 4� andAs 4� charactersextendingfrom -7 to 0 eV. With

a minimal Ga �{�}�G��� As ���P� NMTO set,we find typical accuraciesin thesumof theone-electron

energies of 50 and 5 meV/GaAsrespectively for LMTOs ( ����� -15 eV, -5 �����0� -2 eV) and

QMTOs( ���U� -15eV, ���>� -11eV, -5 ������� -2 eV).

Figure 3: Band structureof GaAs in the LDA,
calculated with the variational QMTO method
(dashed),as comparedwith the exact KKR result
(solid).

Wannier-lik e orbitals: For cupratehigh-temperaturesuperconductors,one needsa one-band

HubbardHamiltonianwith realistic, material-dependentparameters.The conductionbandob-

tainedfrom angle-resolved photoemission,or with theLDA (Fig. 4), hasanti-bondingO �P��� Cu� �Z�����.� � O �P� character, but it crosses,or hybridizeswith a multitudeof otherbandsbelow the

Fermi level ( � -0.7 eV), so that its Wannierfunction is long rangedand dependson irrelevant

details.RatherthantheWannierfunction,onethereforewantsanexponentiallydecayingorbital,

whichdescribesthebandin a rangearoundtheFermilevel. Thedottedbandin Fig. 4 resultsfrom

an N = 3 variationalcalculation,in which only the Cu � � � ��� � -channelwastaken asactive. It is

seento give asuperbdescriptionof theconductionbandin theregionswherethisbandis isolated,

including the extendedsaddle-pointat X, and a smoothinterpolationbelow -1.4 eV wherethe

bandis hybridized.TheFouriertransformyieldsthehoppingintegrals.

I-6



Figure4: Bandstructureof CaCuO� with a 7� -buckle, calculatedin the LDA with a single,Bloch Cu ¢¡{£�¤}¥¦£
CMTO (dotted)comparedwith thefull bandstructure(solid).

For calculating the Coulomb interaction and, more generally, for multiband model Hamil-

tonians, minimal orthonormalbasesare required. With NMTOs, there is an efficient way

to generateorthonormalsets, which goes via setsof so-callednearly orthonormal NMTOs.

Before we indicate how this works, we recall that Löwdin orthonormalization is:§¨ª©�«}¬�8¨®©�«P¬°¯�¨²±{¨>³{´�µ#¶¸·�¹ where the ¨®©�«P¬ ’s are normalizedand where the matrix ¯º¨²±�¨>³�´�µ#¶¸·
is obtainedby Taylor-expansionin thenon-orthonormality»+¼ ¯�¨½±{¨Q³ , which is thereforerequired

to be small. We also state,without proof, that the NMTO set, ¾¨8¿ºÀ:ÁG©�«P¬ , derived from the set,¾Â ©#Ã�¹�«}¬� Â ©$Ã�¹�«}¬ ¾Ä ©$Ã
¬ , of transformedkinked partial waves, is a linear transformationof the

original set, ¨ ¿�À:Á ©�«P¬ , andis given by hattedversionof expressions(7). It now turnsout to be a

simplematterto find thetransformation, ¾Ä ©#Ã
¬ , whichmakesthesets ¾¨8¿ÆÅÇÁ}©�«}¬ nearlyorthonormal,

in the sensethat ¾¨ ¿ºÅ ´�µ Á ± ¾¨ ¿ÆÅÇÁ  » for »ÉÈËÊ ÈËÌ ¹ and for instance ¾Â ©�Í�ÎG¹�«P¬� ¾¨ ¿ Î Á ©�«P¬ is

normalized.In sucha representation, ¾¨>¿ºÀ?ÁQ± ¾¨>¿ºÀ?Á is sufficiently closeto theunit matrix thatthe

non-orthonormalitycanbe neglected,and if not, Löwdin orthonormalizationwill converge fast.

Theaddedbonusof a nearlyorthonormalrepresentationis that its energy matricesareHamiltoni-

ans,asmaybeseenfrom therelation: ¾Ï ¿ºÅÇÁ ¼ Í Å  ¾¨8¿ºÅÇÁÐ± ¾¨>¿ºÅ ´�µ Á ´�µ ¾¨>¿ºÅÇÁ<± Ñ ¼ Í Å ± ¾¨8¿ºÅÇÁ ,

derivedfrom Eq.(8).

Generating the kink matrix: Having seenthat both the NMTOs and the Hamiltonian and

overlap matrices are expressedin terms of one matrix, Ò ©#Ã
¬�Ó�ÔD©#Ã�¬ ´�µ , let us finally in-

dicate how the kink matrix is generated. The elementswith Õ�Ö Õ>× of the bare struc-

ture matrix, Ø ÎÙÛÚ�Ü
Ú#Ý ÙÛÜ ©$Ã
¬ÞÓ ßºàÛáGâ�ã ´ ßSä�ß Ú ´ ß Ú Ú\å Ü
Ü�Ú ß Ú Ú�æZç ß Ú Ú © æ ± è ¼ è × ± ¬�éëêÜ
Ú Ú ìè ¼ è × , spec-

ify how the spherical waves, ç ß © æZí Ù ¬4é Ü © ¾í Ù ¬ , are expanded in regular spherical waves,î ß Ú © æZí Ù0Ú ¬_é Ü
Ú © ¾í Ù0Ú ¬ . The expansionsof the screenedspherical waves are specified by the

screenedstructurematrix, Ø:ï ©#Ã�¬ , which is obtainedby matrix inversionof Ø Î ©$Ã
¬ñð æóò�ôGõñö ©$Ã�¬ .
Here, Ø ÎÙÛÜ Ú Ý ÙÛÜ ©$Ã�¬�ÓU÷ and æóò�ôGõøö ©$Ã�¬ is a diagonal matrix with ö ÙÛÜ ©\Ã
¬ being the hard-
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sphere phaseshift ù ú�û�üëý<þÛÿ��������	��ÿ
���� þ �����°ÿ����� þ ��� if the channel is active, and the real

phaseshift �}þÛÿ������ if the channel is inactive. With appropriatedivision into active and in-

active channels, ����������� defined via ����������� �!� �#"$������� �&%'� � � ú�û�üMý(����� , has short spa-

tial rangeand no poles in the energy-rangeof interest. Finally, the kink matrix is )*�����,+
- ù ���.��������/� ��ù � � �����0%1�3254Gú�� � �����6�Ûù �7�.���8
���5� � , where � � �6��� is the real phaseshift in the

mediumof hard  -spheresù ú�û�ü3���9�������ªú�û�ü3�9����� - ú�û�üëý:������� .
Overlapping MT-wells: In closing, a point of considerablepractical importance. The

KKR and NMTO formalisms hold not only for straight MT-potentials, but for superpo-

sitions of overlapping MT-wells, to first order in the potential-overlap. In order to ex-

ploit this, we need to use kinked partial waves defined as in the left-hand part of Fig. 1:; þ=< ������>��8��ù ?0þ<ÿ
�����5@ þ � - ?BAþÛÿ �����5@ þ ����C < �7D@ þ ��%FE þ=< ������>
� . Here, ?&�6���5@�� (dot-dashed)is thera-

dial solution for the centralMT-well, which extendto the radius G ( HI ), and ? A �����5@�� (dotted)

is the phase-shiftedwave proceedingsmoothlyinwardsfrom G to the central  -sphere,whereit

is matchedwith a kink to thescreenedsphericalwave E (dashed).Radialoverlapsof up to 30%

maybetreatedwithoutchangingtheformalism,andoverlapsup to 60%maybetreatedif asimple

kinetic-energy correctionis included.TheNMTOsgeneratedfrom suchpotentialsareaccuratefor

all caseswe have consideredsofar.
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