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Spin–fluctuationsinfluencemany physicalpropertiesof solids, for instancethe electronicspe-

cific heatandthe electricalandthermalresistivities. Even for high–
���

superconductivity, spin–

fluctuationsseemto be the most importantfor the pairing. Centralfor the descriptionof spin–

fluctuationsis the wavevectorand frequency dependentlinear spin–susceptibility, �����	��

� . De-

spitepastefforts to develop methodsfor ab initio calculationof ��������

� , quantitative estimates,

employing realisticelectronicenergy bandsandwavefunctions,aswell asmatrix elementsof the

self–consistentlyscreenedelectron–electroninteraction,have beenrare. The major obstacleis

undoubtedlythelackof aproperdescriptionof exchange–correlationeffects.But thepoorconver-

genceof the standardperturbative treatment,which involvessummationover high–energy states

andmatrix inversion,alsoposesa realhindrance.

I have developedand applied a methodwhich circumvents the latter problem. This method

is a time–dependentgeneralizationof the Sternheimerapproachthat hasbeenappliedto static

linear–response,densityfunctional(DF) calculationsfor insulatorsandsemiconductorsby Baroni

et al. [Phys. Rev. Lett. 58, 1861(1987)] andfor metals,by myself. In the past,this staticscheme

wasproven to bevery efficient for ab initio calculationsof phonondispersions,electron–phonon

interactionsand phonon–relatedtransportpropertiesof crystals. The schemepresentedhere

employs a basissetof muffin–tin orbitalsandis thereforeefficient alsofor systemscontainingd

andf electrons.

Considerthesituationin whichasmall,external,time–dependentmagneticfield ������������������� is ap-

plied to thecrystal.Theresponseis thechangeof spin–density,

� �!���������#" $&%�'�( �)+* $,��(-�����.����(/���#01��(2�3� �4�����5���6(2����(/���
with �7���.��� ( ����� beinga tensor. In orderto find ���8���.����� , time–dependentdensityfunctionalthe-

ory is used. The unperturbedcharge and spin–densities,9:����� and �;����� , are describedaccu-

ratelyby theconventional,staticdensityfunctionaltheoryandareexpressedin termsof occupied

Kohn–Shamorbitals,<�=&���.� . With thetime–dependentdensityfunctionalSternheimerapproach,no

knowledgeof therealelectronicexcitations(energiesandlifetimes)is required,but only thekernel> � � ������� ( ��

� describingdynamicalexchange–correlation effects. Unfortunately, this is unknown

andI have adoptedtheso–calledadiabaticlocal densityapproximation(ALDA) andageneralized

gradientapproximation(GGA).

For time–dependentexternalfieldstheaction,S, is considereda functionalof 9?���.����� and @A��������� ,
andthesefunctionsareexpressedin termsof the occupiedKohn–Shamspinors, B<�=,�C�.����� , which

aresolutionsof the time–dependentSchr̈odingerequation.If theexternalfield is small, theper-

turbedwavefunctionscanbewrittenas: B<�=&�����ED5F�G���07HI=J����KL�:B<�=&��������� , wherethefirst–orderchanges

�:B<�=M���.����� definetheinducedchargeandspin–densities:
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Here,
R U`U X denotesaveragingover thespin–degreesof freedomonly, VVW is theunit acbLa matrixand S^

is thePauli matrix. Sincethe
T Q areknown, computing

N:ST QMd�e�f�g�h solvestheproblemof determiningN�O
and

NIi
.

In orderto do that, a variational linear responseformulationis used. First, I derive a so–called

‘time-dependent2n+ 1 theorem’which statesthatany (2n+ 1)th–orderchangein theactionfunc-

tional involvesonly (n)th–orderchangesin
ST Q&d�e�f�g�h andthecorrespondingchangesin thecharge

andspin–densities.Any d a�j hkg�l –orderchangein S is thereforevariationalwith respectto thenth–

orderchangesin
ST Q,dCe.f�g�h . Theproof involvesexploiting thestationaritypropertyof Sandstandard

time–dependentperturbationtheory. Specifically, for n= 2 this theoremstatesthat the second–

orderchange,monqp�r , of the action is variational with respectto the first–orderchanges
N:ST QMd�e�f�g�h .

Finally, m nsp�r is directly relatedto t�u+v d�wxYzy|{kf�wxYzy}f�~
h�������� , and this allows a variational

estimateof thelatter.

Thedifferentialequationfor
N:ST QMd�e�f�g�h is derived from thestationarypropertyof m�nsp�r andis given

by:

d��x�!���
� g

VVW h N:ST QoY8d N������ VVW � [ \ ^ N��L��� h ST Q P��
(3)

This is thetime–dependentversionof Sternheimer’s equation,which itself is Schr̈odinger’s equa-

tion to linear orderin the perturbation.Equation(3) caneasilybe solved on the frequency axis,

whichsubstitutes��� ���&� g by � QM�}~ . Thesolutionof thewholeproblemassumesself–consistency:

In thefirst iterationEq. (3) is solved with
N �4���

beingtheexternalfield
N � �����

, and
N�O d�e.f�~
h andN Z d�e�f�~
h are found accordingto Eqs. (1) and (2). Then the screenedfields,

N��:��� d�e�f�~
h andN �L��� d�e�f�~
h , are found. This cycle is finally repeateduntil self–consistency is reached.Finally,

evaluationof monqp�r yieldsthevariationalestimateof thesusceptibility.

Theadvantagesof thismethodare:First,Eq.(3) doesnot requireexpansionof
N:ST Q overacomplete

setof unperturbedwavefunctions,
STc�

, asin standardperturbationtheory, but only knowledgeof the

occupiedandunoccupiedstateswith energy below �I� Y�~ . Second,theinversionis substitutedby

self–consistency iterationsfor
N������

and
N��L���

.

Finally, to demonstratethe numericalefficiency of the method,spin–susceptibilities werecalcu-

latedat zerotemperaturefor thetransitionmetalFe. Figure1 shows for ferromagneticbccFethe

calculatedtransversespin–susceptibility, � i v7�+� d�wcf�~
h��������3�	 ,f for w P d � f � f�¡+h p�¢£ . At small w ,
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Figure 1: Calculated ¤E¥§¦�¨�©]ªk«o¬�­¯® (arb.
units) for ferromagneticbcc Fe at zero tem-
perature.Theexperimentaldataareindicated
by balls, the calculatedmagnonspectrumby
thegrey curve.

thenondecayingspin–wavesareseento persistin thestructureof ° ±1² exhibiting a standarddis-

persionlaw: ³
´�µ	¶�·¹¸�µ�º , whereD is thespin–wavestiffness.Thespin–wavesrapidlydecaywhen

q exceedsapproximately» ¼ . A similar picturehasbeenfoundfor q alongthe(111)–direction.The

deducedmagnonspectrum(line) is shown at thetop of thefigure. It agreeswell with experiment.

Moreover, in contrastwith earliermodelcalculations[J.F. Cooke,Phys.Rev. B7, 1108(1973)] based

ontherandomphaseapproximation,nostructureis foundressemblingopticalspin–wavebranches,

in agreementwith currentexperiments[L.W. Lynn,Phys.Rev. B11, 2624(1975); C.-K. Loongetal., J.

Appl. Phys.55, 1895(1984)].
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